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a b s t r a c t
We consider the following generalization of the concept of harmonious graphs. Given a
graph G = (V , E) and a positive integer t ≥ |E|, a function h˜ : V (G) → Zt is called
a t-harmonious labeling of G if h˜ is injective for t ≥ |V | or surjective for t < |V |, and
h˜(v) + h˜(w) 6= h˜(x) + h˜(y) for all distinct edges vw, xy ∈ E(G). Then the smallest
possible t such that G has a t-harmonious labeling is named the harmonious order of G.
We determine the harmonious order of some non-harmonious graphs, such as complete
graphs Kn (n ≥ 5), complete bipartite graphs Km,n (m, n > 1), even cycles Cn, some powers
of paths Pkn , disjoint unions of triangles nK3 (n even). We also present some general results
concerning harmonious order of the Cartesian product of two given graphs or harmonious
order of the disjoint union of copies of a given graph. Furthermore, we establish an upper
bound for harmonious order of trees.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The word graph stands for a finite, undirected graphwithout loops or multiple edges. A graph in which loops are allowed
(but no multiple edges) is called a pseudograph. We assume that a pseudograph G = (V , E) has v vertices and e edges,
v = |V | and e = |E|.
A graph with e ≥ v is called harmonious if it is possible to label the vertices xwith distinct elements h(x) of Ze in such a
way that when edge xy is labeled with h(x)+ h(y), the resulting edge labels are all different modulo e. If the graph is a tree
we require exactly one vertex label repeatedly. In the paper we propose the following generalization of this concept.
Let G be a pseudograph and t a positive integer, t ≥ e. Then a function h˜ : V (G) → Zt is called a t-harmonious labeling
of G if h˜ is injective for t ≥ v or surjective for t < v, and h˜(u) + h˜(w) 6= h˜(x) + h˜(y) for all distinct edges uw, xy ∈ E(G).
The smallest possible t such that G has a t-harmonious labeling is denoted by har(G) and is named the harmonious order of
G. Clearly, a graph Gwith e ≥ v is harmonious if and only if har(G) = e. The same is true for trees.
There are twomainmotivations for our study of harmonious order. One is the possibility of examining harmonious order
of non-harmonious graphs (almost all graphs are not harmonious [14]). In Section 3 we present such results for complete
graphs Kn (n ≥ 5), complete bipartite graphs Km,n (m, n > 1), even cycles Cn, powers of paths Pkn , powers of cycles Ckn , disjoint
unions of triangles nK3 (n even). We also present some general results, in particular an upper bound for harmonious order
of the Cartesian product of two given graphs and an upper bound for the harmonious order of the disjoint union of copies
of a given graph.
Another motivation is that many graphs are conjectured to be harmonious but it seems to be extremely difficult to prove
that they are indeed. A good example is the Harmonious Tree Conjecture confirmed for all trees of order v ≤ 26, see [2].
In this case it could be interesting to find an upper bound for harmonious order, and hence approach the conjecture. In
Section 4 we present such an upper bound, see Corollary 22. The bound involves the diameter and the number of leaves of
a tree. We also establish improved upper bounds for some large families of trees.
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2. Related graph labelings
Many results for harmonious order canbederived in caseswhen the graphs consideredhave other knowngraph labelings.
Therefore, it is necessary to recall some definitions. In this context we refer the reader to an excellent survey of graph
labelings due to Gallian [12]. Assume that vertices of a graph G, G = (V , E) are labeled by an injective function f from V
into an additive group, edge labels are defined to be sums of vertex labels of endvertices and the edge labeling function
xy 7→ f (x)+ f (y) is to be injective, too.
Then G and a required labeling f (only if f exists) are called
• sequential (Grace [13]) or strongly a-harmonious (Chang, Hsu and Rogers [11]) if e ≥ v and f : V → {0, 1, . . . , e− 1} ⊂ Z,
and the resulting edge labels cover the integer interval [a, a+ e− 1] for some a ∈ Z;
• elegant (Chang, Hsu and Rogers [11]) if e+ 1 ≥ v, f : V → Ze+1, and the resulting edge labels are nonzero;
• indexable (Acharya and Hegde [1]) if f : V → {0, 1, . . . , v − 1} ⊂ Z.
• antimagic (Wood [21]) if f : V → {1, . . . , t} ⊂ Z for some integer t ≥ v; the minimum t such that G has an antimagic
labeling f : V → {1, . . . , t} is denoted by mag(G).
A tree is called sequential if the vertex label e can be used. Note that sequential graphs are a subset of harmonious graphs,
though it remains an open problem to determine whether they form a proper subset.
Straightforwardly from the above definitions one obtains the following result.
Proposition 1. Let G be a graph with v vertices and e edges.
(i) If e ≥ v or G is a tree then G is harmonious if and only if har (G) = e.
(ii) If G is sequential, then har(G) = e.
(iii) If G is elegant, then har(G) ≤ e+ 1.
(iv) If G is indexable, then har(G) ≤ 2v − 3.
(v) har(G) ≤ 2mag(G)− 3.
Proof. Statements (i), (ii), (iii) are obvious. To prove (iv) and (v) note that in case (iv) edge labels belong to [1, 2v−3] and in
case (v) edge labels belong to [3, 2mag(G)−1], hence they remain differentwhen takenmod(2v−3) ormod(2mag(G)− 3),
respectively. 
3. Harmonious order of some non-harmonious graphs
In what follows, for any x ∈ Z the symbol odd{x, x+ 1} denotes the odd integer among x and x+ 1.
Odd cycles are harmonious and even cycles are not [14]. However, even cycles are elegant [6,17]. Hence, by Proposition 1
(i), (ii) har(Cn) = odd{n, n + 1} for every positive integer n ≥ 3. The complete bipartite graph Km,n is elegant [4]. It is not
harmonious unless it is a star [14]. Thus, by Proposition 1 (i), (ii) har(Km,n) = mn + 1 if m, n ≥ 2 and har(Km,n) = mn
otherwise.
Given a graphG letG+ denote a pseudograph resulting fromG by adding one loop at every vertex ofG. The complete graph
Kn is not harmonious if n ≥ 5, see [14]. The harmonious order of Kn or K+n is closely related to the following known functions.
The function vγ (n) (resp. vδ(n)) is the smallest numberm such that there exists a subsetAγ (resp.Aδ)= {a1 < a2 < · · · < an}
of Zm with the property that each r ∈ Zm can be written in at most one way as r = ai+ aj with i < j (resp. i ≤ j). Therefore,
har(Kn) = vγ (n) ≤ vδ(n), (1)
har(K+n ) = vδ(n). (2)
The function vδ has been extensively studied. In particular, n2− n+ 1 ≤ vδ(n). Furthermore, from a general result of Singer
on the existence of difference sets (cf. Singer [18] or Baumert [5]), it follows that
vδ(n) = n2 − n+ 1 := Sn if n− 1 is a prime power. (3)
Another construction, see Bose [8], gives vδ(n) ≤ n2 − 1 := S ′n if n is a prime power. Consequently, using the fact that,
whenever x is sufficiently large, there is a prime pwith x < p ≤ x+ x13/23, it follows that
vδ(n) < n2 + O(n36/23), (4)
cf. [14]. On the other hand Haanpää at al. [15] have obtained the lower bound n2 − 3n ≤ vγ (n), see also [19]. Thus,
Theorem 2. For each n ≥ 3
n2 − 3n ≤ har(Kn) ≤ n2 + O(n36/23),
n2 − n+ 1 ≤ har(K+n ) ≤ n2 + O(n36/23)
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and, if n− 1 is a prime power
har(Kn) ≤ har(K+n ) = n2 − n+ 1 = Sn.
Furthermore, if n is a prime power then
har(Kn) ≤ har(K+n ) ≤ n2 − 1 = S ′n. 
Table 1 presents values of vγ (n), vδ(n) for small n’s, the values being taken from [15].
Table 1
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
n2 − 3n – – 0 4 10 18 28 40 54 70 88 108 130 154 180
har(Kn) = vγ (n) 1 2 3 6 11 19 28 40 56 72 96 114 147 178 183
har(K+n ) = vδ(n) 1 3 7 13 21 31 48 57 73 91 120 133 168 183 ?
min{Sn, S ′n} – 3 7 13 21 31 48 57 73 91 120 133 168 183 –
The functions vδ , vγ can be used in our problem in the following way. Given a graph G let B =
{
Bi = {bi,1, . . . , bi,ji}
}
be
a partition of V (G) into disjoint ordered collections Bi with a property that if bx,ybz,w ∈ E(G) and bx,wbz,y ∈ E(G) then x = z
or y = w. This means that edges connecting vertices from different partite sets cannot form the following ‘‘X ’’ configuration
b.ib.j, b.jb.i for i 6= j. We call B a δ-special partition of V (G). If additionally B has the property that ifw = y then bx,ybz,w 6∈ E(G),
we call B a γ -special partition of V (G). We write GB for a pseudograph with vertices V (GB) = B and edges BiBj ∈ E(GB) if
there is an edge between sets Bi and Bj in G.
Theorem 3. Let G be a graph and B = {B1, . . . , Bm} a δ-special partition of V (G). Let t = maxi=1,...,m |Bi|. Then
har(G) ≤ har(GB)vδ(t).
Moreover, if B is a γ -special partition of V (G) then
har(G) ≤ har(GB)vγ (t).
Proof. Let h = har(GB) and let λ be an h-harmonious labeling of GB. Let Bi = {bi,1, . . . , bi,ji}. Assume thatm = vδ(t) and A ={a1, . . . , at} is an Aδ set in Zm. We define the following labeling f : V (G)→ Zhm of vertices of G: f (bi,x) = ax+λ(Bi) ·m, x =
1, . . . , ji.Wewill prove that f is an (hm)-harmonious labeling. Suppose on the contrary that f (bi,x)+f (bj,y) = f (bk,z)+f (bl,w)
(mod hm) for two distinct edges bi,xbj,y, bk,zbl,w ∈ E(G). Thus, ax+λ(Bi) ·m+ay+λ(Bj) ·m = az+λ(Bk) ·m+aw+λ(Bl) ·m
(mod hm). Thus, ax+ay = az+aw (modm). SinceA is anAδ set, {x, y} = {z, w}. Hence,λ(Bi)·m+λ(Bj)·m = λ(Bk)·m+λ(Bl)·m
(mod hm). Therefore, λ(Bi)+ λ(Bj) = λ(Bk)+ λ(Bl) (mod h). Clearly BiBj, BkBl ∈ E(GB). Since λ is an h-harmonious labeling
of GB, {i, j} = {k, l}. Thus bi,xbj,y = bk,zbl,w because λ is δ-special, a contradiction. Hence har(G) ≤ har(GB)vδ(t). In much
the same way one can prove that har(G) ≤ har(GB)vγ (t) if B is a γ -special partition of V (G). 
Given a graph G and a positive integer k, the symbol Gk denotes the graph on V (G) in which two vertices are connected
if they are at distance at most k in G. In Table 2 (see also Fig. 1) the values of har(Pkn) for all kth powers of some small paths
are presented (note that if k ≥ n− 1 then Pkn = Kn). These values have been obtained by a computer search.
Table 2
har(Pkn); e(Pkn)
k n
9 8 7 6 5 4 3 2
1 8;8 7;7 6;6 5;5 4;4 3;3 2;2 1;1
2 15;15 13;13 11;11 9;9 7;7 5;5 3;3
3 21;21 18;18 15;15 12;12 9;9 6;6
4 26;26 22;22 19;18 16;14 11;10
5 33;30 28;25 24;20 19;15
6 39;33 36;27 28;21
7 50;35 40;28
8 56;36
Given a graph G and a positive integer k the symbol kG denotes the disjoint union of k copies of a graph G.
Theorem 4. Let n be a positive integer. Then
1. har(nK+1 ) = odd{n, n+ 1},
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Fig. 1. har(P59 ) = 33.
2. har(P+n ) = 2n− 1,
3. har(C+n ) = 2n+ 1,
4. har(C+n + c) = 2n+ 1, where c is a chord that joins two vertices which are at distance two in Cn.
Proof. In case 1 the sum (in Z) of labels of the endvertices of every edge (loop) is even. Hence the edge labels are not
distinct modulo n if n is even. Thus har(nK+1 ) ≥ odd{n, n + 1}. To see that har(nK+1 ) ≤ odd{n, n + 1} label the vertices by
0, 1, . . . , n− 1.
In case 2, clearly har(P+n ) ≥ 2n−1 because the size of P+n is equal to 2n−1. To see that har(P+n ) ≤ 2n−1 label consecutive
vertices of P+n by 0, 1, . . . , n− 1.
In case 3 we will show first that har(C+n ) > 2n. Suppose on the contrary that {a0, . . . , an−1} is a 2n-harmonious labeling
of the vertices of C+n . Then loops are labeled by 0, 2, . . . , 2(n−1) because 2ai (mod 2n) is even for each i. Hence edges which
are not loops are labeled by 1, 3, . . . , 2n − 1. Thus 2a0 + · · · + 2an−1 ≡ 0 + 2 + · · · + 2(n − 1) (mod 2n) ≡ n(n − 1)
(mod 2n). On the other hand 2a0 + · · · + 2an−1 ≡ 1+ 3+ · · · + 2n− 1 (mod 2n)≡ n2 (mod 2n). Hence−n ≡ 0 (mod 2n),
a contradiction. Therefore, it remains to show a (2n+ 1)-harmonious labeling of C+n . One possible solution for the required
labeling is the concatenation of the following sequences.
• if n ≡ 0 (mod 4): (n/2)-sequence
0, . . . , (n− 2)/2
next 2-sequences
n/2+ 2i, n/2+ 2i− 1 for i = 1, 2, . . . , n/4;
• if n ≡ 2 (mod 4): (n/2)-sequence
0, . . . , (n− 2)/2
next 2-sequences
n/2+ 2i, n/2+ 2i− 1 for i = 1, 2, . . . , (n− 6)/4;
and finally a 3-sequence
n, 2n, 2n− 2;
• if n ≡ 1 (mod 2):
0, 1, . . . , (n− 1)/2, (n+ 3)/2, (n+ 5)/2, . . . , n.
Checking whether the above labelings are indeed (2n+ 1)-harmonious labelings is left to the reader.
Finally, note that the same labeling is a (2n + 1)-harmonious labeling of C+n + c. Indeed, if n is even then no edge label
equals n. Thus c can join vertices labeled by (n− 2)/2 and n/2+ 1 which are at distance two in Cn. If n is odd then no edge
is labeled by n+ 2. In this case c can join vertices labeled by (n− 1)/2 and (n+ 5)/2. 
Corollary 5. Let n, k be positive integers. Then
har
(
Pkn
) ≤ min{(2⌈n
k
⌉
− 1
)
vδ(k),
(
2
⌈
n
k+ 1
⌉
− 1
)
vγ (k+ 1)
}
.
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Furthermore, if n ≥ k2 − k then
har
(
Ckn
) ≤ (2 ⌊ nk⌋+ 1) vδ(k+ 1).
Proof. Let G = Pkn and let V (G) = {v1, . . . , vn}. Then Bi = {v(i−1)k+1, . . . , vik} if i = 1, . . . , dn/ke − 1 and
Bdn/ke = {v(dn/ke−1)k+1, . . . , vn} is a δ-special partition of V (Pkn). On the other hand Bi = {v(i−1)(k+1)+1, . . . , vi(k+1)} if
i = 1, . . . , dn/(k+ 1)e− 1, Bdn/(k+1)e = {v(dn/(k+1)e−1)(k+1)+1, . . . , vn} is a γ -special partition of V (Pkn). Clearly, GB = P+d nk e or
GB = P+d nk+1 e, respectively. Hence the first part of the corollary is proved by Theorems 3 and 4. A similar argument holds for
G = Ckn . However, in this case we partition V (Ckn) into blocks of k or k+ 1 consecutive vertices each. In this way we obtain a
δ-special partition with GB = C+m for somem ≤ b nk c. Note that due to the well-known theorem of Sylvester such a partition
is always possible. Namely if x, y are positive coprime integers then each number n > xy − (x + y) can be represented in
the form n = ax+ bywhere a and b are non-negative integers. 
By Corollary 5 and formula (4)
Corollary 6. Let k be a positive integer. Then
har
(
Pkn
) ≤ 2 (⌈n
k
⌉
− 1
) (
k2 + O (k36/23))
and if n ≥ k2 − k then
har
(
Ckn
) ≤ 2 (⌊n
k
⌋
+ 1
) (
k2 + O (k36/23)) . 
Note that V (Pkn) 3 u 7→ λ(u) + 1 ∈ Z, where λ and B are defined as in the proofs of Theorem 3 and Corollary 5, is an
antimagic labeling of Pkn into [1, dn/kevδ(k)+1]. Thus we have the following upper bound for mag
(
Pkn
)
, which is better than
the one from [22].
Corollary 7. Let k be a positive integer. If k− 1 is a prime power thenmag(Pkn) ≤
⌈ n
k
⌉
(k2 − k+ 1)+ 1. Furthermore, for any
k,mag
(
Pkn
) ≤ ⌈ nk⌉ (k2 + O (k36/23)). 
Corollary 8. For positive integers n and k
har(kKn) ≤ odd{k, k+ 1}vγ (n),
har(kK+n ) ≤ odd{k, k+ 1}vδ(n).
Proof. The corollary results from Theorems 3 and 4. 
It is known [7] that mK3 is harmonious if m is odd. In the same paper the authors observe that mK3 is not harmonious
if m = 2 (mod 4), and conjecture that mK3 is not harmonious if m = 0 (mod 4). In fact, using almost exactly the same
argument as in [14, Theorem 14 p. 393] we have
Proposition 9. Let G be a 2-factor of even order n. Then G is not harmonious.
Proof. Suppose a0, . . . , an−1 is a harmonious labeling of G. Clearly, {a0, . . . , an−1} = {0, . . . , n − 1} and edge labels are
0, . . . , n − 1, too. Let S = 0 + 1 + · · · + n − 1 (mod n). Adding edge labels we obtain S = 2a0 + 2a1 + · · · + 2an−1 = 2S
(mod n). Moreover, S = n/2 (mod n). Hence n/2 = 0 (mod n), a contradiction. 
Theorem 10. Let m be a positive integer. Then har(mK3) = 3m if m is odd, and har(mK3) = 3m+ 1 if m is even.
Proof. To prove Theorem 10 it suffices to present a (3m+ 1)-harmonious labeling ofmK3 for any evenm. We label vertices
of the ith copy of K3 by
3i− 3, 3i− 2, 3i− 1 for i = 1, . . . , (m− 2)/2,
3i− 3, 3i− 2, 3i+ 2 for i = m/2, . . . ,m− 1, and
3i− 3, 3i− 2, 3i for i = m.
Checking whether this is indeed a (3m+ 1)-harmonious labeling is left to the reader. 
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Fig. 2. Non-crossing H-partition B = {B1, B2} of G.
Wecangeneralize the concept of δ-special (γ -special) partition in the followingway. Given a graphG letB = {B1, . . . , Bm}
be a partition of V (G) and let G[Bi], i = 1, . . . ,m, denote the subgraphs induced in G by Bi. Let H be a pseudograph such that
each G[Bi] is embeddable inH , i.e. there is an injective map σi: Bi → V (H) that preserves the adjacency of vertices. We call B
a non-crossing H-partition of G if there are embeddings σ¯i: Bi → V (H) such that for any sets Bk, Bl (not necessarily different)
if xy is a Bk–Bl edge of G then σ¯k(x)σ¯l(y) ∈ E(H) and σ¯k(x)σ¯l(y) 6= σ¯k(u)σ¯l(w) for any other Bk–Bl edge uw ∈ E(G). We write
GB for a pseudograph with vertices V (GB) = B and edges BiBj ∈ E(GB) if there is an edge between sets Bi and Bj in G (Fig. 2).
Theorem 11. Let G be a graph and B a non-crossing H-partition of G. Then
har(G) ≤ har(H)har(GB).
Proof. Let k = har(H), l = har(GB) and let h be a k-harmonious labeling of H and g an l-harmonious labeling of GB. Let
B = {B1, . . . , Bm}. We define the following labeling f : V (G)→ Zkl of vertices of G. If x ∈ Bi then f (x) = h(σ¯i(x))+ g(Bi) · k
where σ¯i is an adequate embedding of G[Bi] into H . We will prove that f is an (kl)-harmonious labeling. Suppose that
xy, uv ∈ E(G) and f (x) + f (y) = f (u) + f (w) (mod kl). We may assume that x ∈ Bi1 , y ∈ Bi2 , u ∈ Bi3 , w ∈ Bi4 . Thus
h(σ¯i1(x))+g(Bi1)k+h(σ¯i2(y))+g(Bi2)k = h(σ¯i3(u))+g(Bi3)k+h(σ¯i4(w))+g(Bi4)k (mod kl). Hence h(σ¯i1(x))+h(σ¯i2(y)) =
h(σ¯i3(u))+ h(σ¯i4(w)) (mod k). Since σ¯i1(x)σ¯i2(y), σ¯i3(u)σ¯i4(w) ∈ E(H) and h is a k-harmonious labeling of H , σ¯i1(x)σ¯i2(y) =
σ¯i3(u)σ¯i4(w). Thus g(Bi1)k++g(Bi2)k ≡ g(Bi3)k+ g(Bi4)k (mod kl). Hence g(Bi1)+ g(Bi2) ≡ g(Bi3)+ g(Bi4) (mod l). Clearly,
Bi1Bi2 , Bi3Bi4 ∈ E(GB). Therefore Bi1Bi2 = Bi3Bi4 because g is an l-harmonious labeling of GB. Hence {i1, i2} = {i3, i4}. Thus
uw is a Bi1–Bi2 edge of G and σ¯i1(x)σ¯i2(y) = σ¯i1(u)σ¯i2(w) (or= σ¯i2(u)σ¯i1(w). Therefore xy = uw because B is a crossing free
partition. 
The Cartesian graph product G = G1G2 of graphs G1 and G2 with disjoint vertex sets V (G1) and V (G2) and edge sets
E(G1) and E(G2) is the graphwith vertex set V (G1)×V (G2) and u = (u1, u2) adjacentwithw = (w1, w2)whenever u1 = w1
and u2w2 ∈ E(G2) or u2 = w2 and u1w1 ∈ E(G1).
Corollary 12.
har(G1G2) ≤ har(G+1 )har(G+2 ).
Proof. Let V (G2) = {v1, . . . , vm}. Let B = {B1, . . . , B|V (G2)|} be a partition of V (G1G2) such that Bi = V (G1) × {vi}. Hence
(G1G2)[Bi] ' G1, i = 1, . . . ,m. If we choose a natural embedding of each (G1G2)[Bi] into G+1 then one can see that B is a
non-crossing G+1 -partition of G1G2. Moreover GB = G+2 . Hence the corollary is proved by Theorem 11. 
Corollary 13. Let m and n be positive integers. Then
1. m · |E(G)| ≤ har(mG) ≤ odd{m,m+ 1} · har(G).
2. (2n− 1)m ≤ har(CmPn) ≤ odd{m,m+ 1} · (2n− 1).
3. If n is even then 2mn ≤ har(CmCn) ≤ odd{m,m+ 1} · (2n+ 1).
Proof. In case 1 let B = {B1, . . . , Bm} be a partition of a vertex set of mG such that Bi is a vertex set of the ith copy of G.
Then one can easily see that B is a non-crossing G-partition of mG with GB = mK+1 . In cases 2 and 3 let V (Pn) = V (Cn) ={v1, . . . , vn}. We choose B = {B1, . . . , Bm} such that Bi = V (Cm)× {vi}, i = 1, . . . , n. Hence (CmPn)[Bi] = (CmCn)[Bi] '
Cm. Now using the natural embeddings of every copy of Cm into C+m we can obtain a non-crossing C+m -partition of CmPn
or CmCn. However, we can do better. Although using the natural embeddings of every copy of Cm into Cm (instead of C+m )
we do not obtain a non-crossing Cm-partition, one can use adequate rotations in order to see that in these cases B is also a
non-crossing Cm-partition. Moreover GB = P+n or GB = C+n . Therefore the corollary results from Theorems 4 and 11. 
In particular we obtain the following known results.
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Corollary 14. Let m be a positive odd integer. Then
1. [23] if G is harmonious then mG is harmonious.
2. [14] the prism CmPn is harmonious. 
Consider a d-dimensional hypercube Qd = K2 · · ·K2︸ ︷︷ ︸
dtimes
.
Proposition 15. har(Qd) ≤ 3d+32 .
Proof. Consider a straightline embedding of the hypercube in Rd in such a way that the vertices of Qd are all the points
{0, 1}d. In [22] Wood observed that two line-segments xy, uw with endpoints in the vertices of Qd intersect if and only if
x+y = u+w. Indeed, since all vertex coordinates ofQd are 0 or 1, the point of intersection is themidpoint for both segments,
hence 12 (x+ y) = 12 (u+w). Consequently, cf. [22], the function f : V (G)→ Z defined so that for each u ∈ V (G) an integer
f (u) is a base-3 representation of u is an antimagic injection ofQd into [0, 3d−12 = 1+3+· · ·+3d−1] (because no two edges of
Qd intersect inRd).Wenote that f is also a 3
d+1
2 - or
3d+3
2 -harmonious labeling. Indeed, the endpoints of every edge xy ∈ E(Qd)
differ by exactly one coordinate. Thus f (x) and f (y) differ by some power of 3, hence have different parities. It follows that
all edges are labeled by distinct odd integers. Therefore edge labels takenmodulo odd{ 3d+12 , 3
d+1
2 + 1} remain distinct. 
4. Trees
Each tree is indexable [3,9]. Hence by Proposition 1 (iv)
Corollary 16. If Tn is a tree of order n ≥ 2 then har(Tn) ≤ 2n− 3. 
In [14] Graham and Sloane conjectured that har(Tn) = n−1. The conjecture seems to be extremely difficult to prove. In this
section we present some upper bounds for har(Tn).
For our first bound we use a result from [20] where the authors study the so-called rainbow regular order. Assume that
the vertex set of the complete graph Kt is Zt if t is odd and Zt−1 ∪ {∞} otherwise, with the convention that x+∞ = 2x. If
the color of any edge xy is defined to be x+ y then GKt stands for Kt together with the resulting well-known edge coloring.
A rainbow subgraph of GKt has all edges with distinct colors. Thus if t is odd then GKt contains a rainbow copy of G if and
only if G has a t-harmonious labeling. It is known [20, Theorem 7] that any tree of order n, diameter d and number of leaves
l is a rainbow subgraph of GKt for t ≥ odd{2n+ 1− d− l, 2n+ 2− d− l}. Therefore
Theorem 17. Let T be a tree of order n. Let d and l denote the diameter of T and the number of leaves in T . Then har(T ) ≤
2n+ 2− d− l. 
Lemma 18 ([20]). Let T be a tree of order n, n ≥ 3. Let d and l denote the diameter of T and the number of leaves in T . Then
l ≥ 2n− 2
d
.
For completeness we give a proof of the lemma.
Proof. Let L be the set of leaves of T and C the center of T . Let d(x, C) denote the distance of a vertex x ∈ V (T ) from C . Then
n− |C | ≤∑x∈L d(x, C) ≤∑x∈L d2 = l d2 . Since |C | = 1 or |C | = 2 this completes the proof. 
Lemma 18 and Theorem 17 leads to the following corollary, cf. [20, Corollary 10].
Corollary 19. Let T be a tree of order n. Then
har(Tn) ≤ 2n+ 2− 2
√
2n− 2. 
Note that the bound from the above corollary arises from the trees that have diameter and number of leaves roughly
√
n.
These types of trees are the ones that are also difficult for graceful labelings.
Therefore, in general, the upper bound from Theorem 17 is not a significant improvement of the first bound 2n − 3.
However, in many cases it gives much better results. For example
Corollary 20. Let T be a tree of order n ≥ 3.
1. If the diameter of T is equal to d, then har(T ) ≤ 2n(1− 1d )+ 1.
2. If every inner vertex of T has degree greater than or equal to δ then har(T ) < n δ
δ−1 .
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Proof. Statement 1 follows immediately from Lemma 18 and Theorem 17 since d ≥ 2. To prove statement 2 we use the
same argument as in [20, Corollary 8]. Namely, assume that each inner vertex of T has degree greater than or equal to δ.
Then
2n− 2 = 2e =
∑
x∈V (T )
deg x ≥ l+ (n− l)δ.
Hence
l ≥ n(δ − 2)+ 2
δ − 1 > n
δ − 2
δ − 1 .
By Theorem 17, har(T ) ≤ 2n+ 2− d− l ≤ 2n− l because d ≥ 2. Hence
har(T ) < 2n− nδ − 2
δ − 1 = n
δ
δ − 1 . 
We present another two families of trees with an improved upper bound for harmonious order. A rooted tree in which
the distance between every leaf and the root is the same is called a balanced tree.
Theorem 21. Let T be a balanced tree of order n. Then har(T ) < 32n.
Proof. Let c be the root of T . Let r denote a common distance between every leaf and c. By Nk, k = 0, . . . , r , we denote the
set of vertices of T that are at distance k from c . Thus N0 = {c}. Let nk denote the number of elements of Nk. Consider the
following labeling f : V (T ) → Z in which every level Ni will be labeled with consecutive integers. Let f (c) = 0. We next
label elements ofN1 by a, a+1, . . . , a+n1−1, where a is a positive integer whichwill be specified later. When all elements
of Nk are labeled let min(k) := minu∈Nk f (u) and max(k) := maxu∈Nk f (u). In what follows we do not distinguish between a
vertex u and its label f (u). Letmk := max
{
b 2nk−1−nk−12 c, 0
}
.
We label vertices from Nk, k ≥ 2, in the following way. First we label all neighbors of min(k − 1) by
consecutive integers starting from λ := max(k − 2) + nk−1. We proceed by labeling all neighbors of min(k −
1) + 1, next all neighbors of min(k − 1) + 2 and so on. If mk = 0 we continue this procedure till the time
when all elements of Nk are labeled. Otherwise, if mk ≥ 1, we continue only till the time when all neighbors
of vertices min(k − 1), min(k − 1) + 1, . . . ,min(k − 1) + deg (min(k− 1)) + mk − 1 are labeled. Let Λ
denote the maximum of labels given for the vertices from Nk till this moment. At this stage the induced labels of
Nk−1–Nk edges are distinct integers from
[
min(k− 1)+ λ,min(k− 1)+ λ+mk − 1+∑mk−1i=0 deg (min(k− 1)+ i)] \{
λ+min(k− 1)+ j− 1+∑j−1i=0 deg (min(k− 1)+ i) : j = 1, . . . ,mk}. Now we label one neighbor of each vertex xj :=
min(k− 1)+ mk +∑j−1i=0 deg (min(k− 1)+ i), j = 1, . . . ,mk, by λ+ j− mk − 1. Clearly the edges incident with vertices
x1, . . . , xmk are labeled by integers
{
λ+min(k− 1)+ j− 1+∑j−1i=0 deg (min(k− 1)+ i) : j = 1, . . . ,mk}. To show that
vertices x1, . . . , xmk are well defined it suffices to prove that mk +
∑mk−1
i=0 deg (min(k− 1)+ i) ≤ nk−1 − 1. Indeed,
2mk ≤ 2nk−1 − nk − 1, hence
mk ≤ nk−1 − (mk + nk − nk−1)− 1 ≤ nk−1 − 1−
mk−1∑
i=0
deg(min(k− 1)+ i),
because
nk +mk − nk−1 =
mk−1∑
i=0
deg(min(k− 1)+ i)+
nk−1−1∑
i=mk
deg(min(k− 1)+ i)+mk − nk−1
≥
mk−1∑
i=0
deg(min(k− 1)+ i)+ (nk−1 −mk)+mk − nk−1 =
mk−1∑
i=0
deg(min(k− 1)+ i).
Finally, we label the remaining neighbors of min(k − 1) + deg (min(k− 1)) + mk, then the remaining neighbors of
min(k − 1) + deg (min(k− 1)) + mk + 1 and so on, till the time when all elements of Nk are labeled. These vertices, in
this order, are labeled by consecutive integers starting fromΛ+ 1.
It is easy to see that labels of edges between sets Nk−1 and Nk are distinct integers from [λ+min(k− 1),max(k− 1)+
max(k)] = [max(k− 2)+max(k− 1)+ 1,max(k− 1)+max(k)]. Thus, all edge labels are distinct. Moreover, the vertices
fromNk are labeled by consecutive integers from [λ−mk, λ−mk+nk−1]. Hencemax(k) ≤ max(k−2)+nk−1+nk−1−mk
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where max(0) = 0 and max(1) = a+ n1 − 1. Therefore,
max(k) =
k∑
i=1
ni −
k/2∑
i=1
m2i − k2 , if k is even and
max(k) = a+
k∑
i=1
ni −
(k−1)/2∑
i=1
m2i+1 − k+ 12 , if k is odd.
Furthermore, min(k) = λ−mk = max(k− 2)+ nk−1 −mk > max(k− 2). Thus, if we choose a = max(r)+ 1 if r is even,
or a = max(r − 1)+ 1 if r is odd, then vertex labels are different. It follows that if r is odd then
max
u∈V (T )
f (u) = max(r) =
r−1∑
i=1
ni −
(r−1)/2∑
i=1
m2i − r − 12 + 1+
r∑
i=1
ni −
(r−1)/2∑
i=1
m2i+1 − r + 12
=
(
r∑
i=0
ni − n0 − nr
)
−
(r−1)/2∑
i=1
m2i +
(
r∑
i=0
ni − n0
)
−
(r−1)/2∑
i=1
m2i+1 − r
= 2n− r − 2− nr −
r∑
i=2
mi ≤ 2n− r − 2− nr −
r∑
i=2
⌊
2ni−1 − ni − 1
2
⌋
≤ 2n− r − 2− nr −
r∑
i=2
2ni−1 − ni − 2
2
= 2n− r − 2− nr −
r∑
i=2
(−1)− 1
2
r∑
i=2
(2ni−1 − ni)
= 2n− 3− nr − 12
(
r∑
i=0
ni − n0 + n1 − 2nr
)
≤ 3
2
n− 3.
Analogously, maxu∈V (T ) f (u) = max(r − 1) ≤ 32n − 3 when r is even. Moreover, edge labels are distinct and range
from a to maxu∈V (T ) f (u) + a − 1. Therefore, edge labels taken modulo t , t ≥ maxu∈V (T ) f (u) + 1, are distinct too. Thus
har(T ) ≤ 32n− 2. 
Corollary 22. Let T be a tree of order n. Let d and l denote the diameter of T and the number of leaves in T , respectively. Then
har(T ) ≤ min{2n+ 2− d− l, 34 (d+ 1)l}.
Proof. To prove that har(T ) ≤ 34 (d + 1)l note that any tree can be extended to a balanced tree in which every leaf is at
distance d d2e from the center of the tree. 
We call a tree which results from a star by replacing each edge of the star by a path of arbitrary length, a generalized star.
Theorem 23. Let T be a generalized star of order n. Let α denote the number of odd components of T − c where c denotes the
central vertex of T . Then har(T ) ≤ 32 (n− 1)+ α2 .
Proof. Let Pi, i = {1, . . . , p}, be the p paths excluding the central vertex c of T . Let P0 denote the trivial path P0 = {c}. We
consider the following ordering of the vertices of T . Namely, for two vertices u ∈ Pi, w ∈ Pj, u ≺ w if i < j or i = j and
dT (c, u) < dT (c, w) (distance between c and u in T is less than distance between c and w). Furthermore, we call vertices
which are at odd distance from c odd vertices. Analogously, the remaining vertices of T are called even vertices.
Consider the following labeling f : V (T ) → Z3(n−1)/2+α/2. Let f (c) = 0. We label consecutive (in the sense of ≺) odd
vertices of T by consecutive integers starting from 1. Hence odd vertices are labeled by integers 1, 2, . . . , (n− 1)/2+ α/2.
Next we label consecutive even vertices (excluding c) by consecutive integers from (n + 1)/2 + α/2, . . . , n − 1. Clearly,
the edges incident to c are labeled by distinct integers from {1, . . . , (n− 1)/2+ α/2}while the other edges are labeled by
distinct integers from {1+ (n+ 1)/2+ α/2, . . . , n− 1+ (n− 1)/2+ α/2}. 
Corollary 24. Let T be a generalized star of order n. Then har(T ) < 53n.
Proof. Let d and l denote the diameter and the number of leaves of T , respectively. By Theorems 17 and 23
har(T ) ≤ min
{
2n+ 2− d− l, 3
2
(n− 1)+ l
2
}
because α ≤ l. Hence
har(T ) ≤ 2n+ 2− d− l+ 2(3(n− 1)/2+ l/2)
3
= 5n− d− 1
3
<
5
3
n. 
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Let S(k, p) denote a generalized star with p branches of length k. In [10,16] it is proved that S(k, 2m+1) and S(2m+1, p)
is harmonious, respectively.
5. Concluding remarks
We have determined the harmonious order of some non-harmonious graphs. We have also established upper bounds for
harmonious order for some other graphs, in particular for trees. The Harmonious Tree Conjecture says that har(Tn) = n− 1
for each tree Tn of order n. This conjecture was confirmed by a computer search for all trees of order up to 26, see [2].
However, it seems to be hopeless to have a proof for all trees. We have obtained that har(Tn) ≤ 2n+ 2− 2
√
2n− 2 for all
trees and har(Tn) ≤ 32n for some large families of trees. For further study, we propose the following conjecture which may
be called the Weak Harmonious Tree Conjecture.
Conjecture 1. Let Tn be a tree of order n. Then
har(Tn) = n+ o(n).
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